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1 Exact Sequences and the Snake Lemma

1.1 Exact sequences

Definition 1.1. A sequence in a category C is a collection A = ((A;)ier, (d{‘)iem(prl))
of objects A; € C and morphisms dfl Ay — A;q for i,i — 1 € I, where [ is the set of
integers in an interval in R.

d dit
A; Aig — Ajg —— -+

Definition 1.2. A diagram

A%BL>C

in a category C with a zero object, equalizers, coequalizers, finite products, finite coprod-
ucts, and in which every morphism is strict, is exact if go f = 0 and im(f) — ker(g) is an
isomorphism.

Example 1.1. In Ab,
7.)27 —2— 7./27. —°— 7./27.

is not exact, but
7, B2 7,147, £ 7,/97,

is exact.
Definition 1.3. A sequence A, with defining interval I is exact if every subdiagram

d;

dit1
Ai1 A; Aiq

is exact, where i,4 — 1,1+ 1 € I.



Example 1.2. The sequence

f f f

Q2 f Q2 QQ Q2

is exact, where f(a,b) = (0, a) for al (a,b) € Q% This is a long exact sequence.

Definition 1.4. Let C be a category satisfying the aforementioned conditions. Let A, B, C €
C,andlet f: A— B, g: B— C.

1. We say the diagram
f

0 A B4,

is a left short exact sequence if it is exact.

2. We say the diagram

Aty 9,09

is a right short exact sequence if it is exact.
3. We say the diagram

0—sA-TvB 9,039

is a short exact sequence if it is exact.
Remark 1.1. In a short exact sequence, f is a monomorphism and g is an epimorphism.

Example 1.3. In Grp, if N < G, then

1 N G G/N — 1

is short exact.

Example 1.4. In Ab,

0 7 "7 Z/nZ — 0

is short exact.

Definition 1.5. A long exact sequence is an exact sequence in which the interval of
definition is of infinite length.



1.2 Morphisms of exact sequences and the snake lemma

Definition 1.6. Let A and B. be sequence in C with defining intervals I and J. A
morphism f : A — B is a sequence (f);cons of morphisms f; : A; — B; such that
fioffAy=dPofiyiforal IN(I—-1)NJN(J—1).

dg' Ay dg' A dt Ao
lf 2 J/f 1 lf 0
a8 dB
By —23 By —~ By —2

Example 1.5. Here is a morphism between short exact sequences:

0

0

0 Z 1 Z ZJA7 — 0

|

0 —— Z/AZ —2— 7.J16Z — ZJAZ — 0

Lemma 1.1 (Snake lemma). Let C be an abelian category. Suppose we have a diagram

A-—Lsp-—9,¢ 0
Eol b
0 A B I ¢

in C which commutes and such that the two rows are exact. Then there is an exact sequence

ker(a)) — ker(f) — ker(7) AN coker(a) — coker(3) — coker(7)



1

such that the following diagram™ commutes:

kera —» ker § —» ker~y

ia iﬁ iv
! f/ ! g/ !
00— A ——>» B ——»(C

——— coker a« —» coker 5 — coker~y

The code for this diagram was modified from an answer on this StackExchange post.


https://tex.stackexchange.com/questions/3892/how-do-you-draw-the-snake-arrow-for-the-connecting-homomorphism-in-the-snake-l
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